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■ Abstract 

o ■ 

I We construct the deformed generators of Schrodinger symmetry consistent with 

noncommutative space. The examples of the free particle and the harmonic oscillator, 
both of which admit Schrodinger symmetry, are discussed in detail. We construct a 
generalised Galilean algebra where the second central extension exists in all dimen- 

■ sions. This algebra also follows from the Inonu-Wigner contraction of a generalised 
. Poincare algebra in noncommuting space. 
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OO ■ The introduction of noncommuting relativistic coordinate spacetime, 
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for constant 9^^ implies, among other things, a breakdown of Lorentz invariance. From an 
algebraic point of view, the Jacobi identity involving the angular momentum operator and 
i) \ the noncommuting coordinates is violated. 

^ ' Recently it has been found by Wess jj^ and collaborators [21 El El that, by appropriately 

deforming the classical Poincare generators, consistency with ^ is achieved while pre- 
^ ■ serving the original Poincare algebra. In other words, a new representation of the Poincare 
algebra that is compatible with (P) has been obtained. But the coproduct rules are modified. 
Also, the modified coproduct rules agree with those found E] from another (quantum- 
group theoretic) approach based of the application of twist functions [T]. The extension of 
these ideas to field theory and possible implications for Noether symmetry are discussed in 
jHlin!- Very recently, the deformed Poincare generators for a Lie algebraic 6 (rather than a 
constant 6) have also been analysed [Til] . 

In this paper we consider the invariance of the Schrodinger group ^T] (this contains, in 
addition to the centrally extended Galilei group, two conformal generators, namely dilata- 
tions and special conformal transformations or expansions) on nonrelativistic noncommu- 
tative space, 

[x',P]=ie''. (2) 

There are some good reasons for pursuing such an investigation. The question of this in- 
variance is interesting in its own right. Also, the Schrodinger group is an entirely consistent 
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group of spacetime transformations which in some respects has a more complex structure 
than the Poincare group. Finally, the second central extension ^2] of the Galilei group is 
not well understood and it would be worthwhile to see if this aspect can be illuminated 
from the deformations. 

In this paper we consider the free particle and the harmonic oscillator. Although both 
these models admit Schrodinger symmetry, the structure of generators is quite different. 
The deformed generators compatible with ^ are computed. These generators satisfy the 
standard Schrodinger algebra. Thus as happens for Poincare symmetry, a new representa- 
tion of the Schodinger algebra is found that is consistent with 

We also discuss some applications of the general formalism. The structure of the de- 
formed generators is computed in both the coordinate and momentum representations. In 
the coordinate picture the deformations are still there but in the momentum picture these 
cancel out and the functional form of the generators is identical to that obtained for usual 
(commutative space) theory. Implications of this result are discussed. 

We have next considered a more general one-parameter class of deformed generators. It 
leads to a closure of the algebra which is however more general and hence distinct from the 
standard Galilean algebra. This generalised algebra is also derived from a contraction of the 
deformed Poincare algebra recently discussed in |3]. Moreover, it is found that the boosts 
do not commute. This (second) central extension is valid in any dimensions. It is a new 
result since the second central extension is found only in two dimensions [T^ IT^ IT^ I17j. 
For the special case of two dimensions, we show that our generalised algebra reduces to the 
standard Galilean algebra, including the second central extension. 

This paper is broadly divided into two sections; in the first the formulation is set up 
while the second is devoted to applications. 



1. Deformed Schrodinger symmetry 

The n- dimensional Schrodinger algebra is given by augmenting the Galilean algebra involv- 
ing rotations [J^^^), translations ("P*), Hamiltonian and boosts [Q^) with the algebra of 
dilatations (P) and expansion or special conformal transformations (/C). The relations are 



^jij^jki^ = -i {S'^^J'^ 
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= -i {6'^g'' 
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[j'i,V] = 
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[H,V] = -2in 




[n, K] = 


-iV 


[D,JC] = -2i/C 









where i, j, . . . = 1, 2, 3, . . . n, and the mass parameter M. commutes with everything. 
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J -- 


= X p' — x-'p 


H = 


2/72, 


V = 




JC = 


1 f : P\\ 

-m X 1 

2 V ^ / 


Q' = 


mx* — p^t 




P' 


M = 


-- m 



m 



The standard free-particle representation of this algebra is given by 

(angular momentum) 
(energy) 

(dilatations) 

(expansions) 

(Galilean boosts) 
(linear momentum) 

(mass) (4) 
Using the (commutative-space) canonical brackets, 
[x\x^] = [p\pi] =0, 

[x\p>]=i6^^, (5) 

the algebra © is easily reproduced from (jH). 

For noncommutative space, Eq. has to be augmented by the algebra: 

[p*,^^] =0, 

[x^,i?] =15^^ (6) 

which conform to the usual form (jSj). 

As is known from an analysis of Poincare generators, the angular momentum operator 
in (13)) is inconsistent with the noncommutative algebra ^ since the J-x-x Jacobi identity 
is violated if the undeformed transformation law is taken: 

\X\x^\=\[?^^x' -b^^^) . (7) 

An appropriate deformation of the the transformation law is necessary to restore the Jacobi 
identity. It is simple to check that if E] 



then the J-x-x Jacobi identity is indeed satisfied. A representation for J"^^ that yields the 
above relation is given by jU Ej 

jij = _ + ^Qi^^^ _ ^e^^pT]?. (9) 
Note that this deformed operator also satisfies the usual angular momentum algebra: 



j-ij j-ke 



-i (^6''^J'^ - + 5^^J^' - . (10) 
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This is verified by using the basic commutators and (jH))- 

It should be mentioned that a more general transformation law (jH)) involving coefficients 
Ai and A2 is possible jl] which is also compatible with (j21). That would lead to a more general 
structure of the angular momentum operator However the choice © is singled out since 
it alone satisfies the standard closure of the angular momentum algebra as given in ()1U|) . 

We now obtain the deformation of the other generators. The linear momentum 
and Hamiltonian p^/2m retain their original forms, basically because the algebra of is 
identical to p*. For boosts (Q) a deformation is necessary. Considering the minimal (i.e. 
least order in 6) deformation, we obtain the following structure: 

gi = mx^ -0 + Aim^V + Asm^^^^x^ (11) 

where Ai and A2 are, as yet, undetermined coefficients. In order that the standard Galilean 
algebra involving the rotations, translations and boosts is retained we find Ai = 1/2, A2 = 0. 
Also, the consistency of (|TT|l with (j2|) is easily established as the relevant Jacobi identity 
Q-x-x is trivially satisfied. 

Proceeding in a similar manner deformed dilatations and expansions are obtained. Apart 
from (jH)), the other deformed generators are given by 

2m' 

r = J?, 

V=- (]?x' + x"]?) - —pH, 
2 m 

jc = -(x'--t] + —e'^x'p> - -e'^e^'^p^pT'. (12) 

2 \ m / 2 8 

These deformed generators are all consistent with Q and satisfy the usual Schrodinger alge- 
bra (jni). Note that, for expansions (/C), the minimal deformation involves a term quadratic 
in 9. 

We have thus obtained the cherished deformed Schrodinger symmetry for a free particle 
on noncommutative space exactly in analogue to the Poincare symmetry on noncommuta- 
tive spacetime. For 6 = 0, the deformed generators (fT^ reduce to the undeformed ones 
given in (jH). 

A more involved analysis is required for the harmonic oscillator problem which also 
carries a Schrodinger symmetry ^J^j. The Hamiltonian of an n-dimensional oscillator 
is given by 7i = p^/2m + mu'^x.'^ /2. The classical trajectories are x(t) = Acoscut + 
(l/mci;)B sin cut. In terms of the parameters A and B, 

A = X cos ut ^ sin ut, 

B = ma;xsinci;t + p coscut, (13) 
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the components of the moment map (generators) are given by 
V" = = mujx^ sin ut + cos ut, 



n 



raA^ = mx* cos cut sin ut, 



= - 

2m 2 



p2 1 . . . . 

mcj^x^ sin^ ut ^ cos^ ujt H — oj + p*a;*) sin 2ujt 

m 2 ^ ^ 



M = m, 

2 ^ ^2 



2 2 P 

muj X 



^ sin2u;t + ^ (xV cos2co't, 



/C = -mA = -m 
2 2 



2 2 P 2 ^ P + F ^ 

X COS cut H — - sin tot sin 2ijt 



2muj 



(14) 



Now we compute the deformed versions of these operators. The angular momentum 
is of course just given by ©. For the other operators we observe that they appear as 
certain combinations of A and B. Hence proper deformations of these operators should be 
sufficient. The canonical algebra, 



[A,A] = [B,B] = 0, [A,B] = i, 
is preserved by the deformations 



(15) 



^. . 1 . . • 

A* = X* cos cut sin cut H — d^^j? cos cut, 

muj 2 

^ ■ ■ TflUJ ■ ■ 

B^ = muox^ sin ujt + cos ut H — —O^^jp sin ujt. 
Consequently the deformed generators are given by 



(16) 



= B^ = mujx^ sin ujt + cos ut + -mujO^-'f? sin ut, 

^. ^. 1 . . . 

= mA^ = mx* cos out sin out H — mO^^p' cos ut, 

to 2 

n = — B^ = -( mto^Sc^ + -mto^e'^ ix^p' + p>x') + -mu^O'^d'^p'^] sin^ tot 
2m 2\ 2 y ^ ^ J 4^ f f J 

1 



V 



H cos^ tot + -to (x^i? + p*x*) sin 2tot, 

2m 4 ^ ' 



B'A' + A'B' 



mto'^Sl^ — ^ h mtoO^-'xy 

mto 



+ "^e'^O'^P^] sin 2tot + \ [x^f + px^) cos 2tot, 



1 

-1 
2 



K = ^mA^ 



1 

—m 
2 



x^ cos^ tot H ■ sin^ cjt 



x^p^ _|_ 
2mti; 



sin 2tot 



+ ^'^Fp'' cos^ cut + -e'^e'^p'p cos' cut 



(17) 
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All these are consistent with and satisfy the Schrodinger algebra (jH)). The basic com- 
mutators and (jni) are needed to check this algebra. 

In the C(j — > limit the harmonic oscillator goes over to the free particle. It is easy to 
verify that, in this limit, the deformed generators ()17|) reduce to those found in (fT^ for the 
free-particle case. 

2. Applications 

Here we consider some applications of the general formalism. 



Deformed generators in different representations 



In the usual commutative space a symmetry exists between the coordinates x and momenta 
p. Each is an observable with eigenvalues extending from — oo to -|-oo and the usual 
commutation relations involving x and p remain invariant if x and p are interchanged 
and 'i' is replaced by '— i'. One may then set up the coordinate representation in which x is 
diagonal and p = —i-^ with h = 1. Alternatively it is also feasible to write the momentum 
representation where p is diagonal and x = i^. 

In the noncommutative space, on the other hand, the symmetry between x and p is lost 
and some nontrivial differences among the two representations are expected. From a purely 
algebraic point of view one may use either representation. However if a wavefunction is 
considered that can be expanded in a complete commuting set of observables (the basis 
vectors), then the momentum representation is singled out. It appears that, for noncom- 
mutative space, momentum representation is more favoured. This is even true from an 
algebraic point of view, as we now demonstrate. For simplicity we confine to the Galilean 
sector. 

The Galilean generators (jHl), (fT^ - in the coordinate representation, = ar*, = — i^, 
are given by 



d ^ d 1 ■ d d 1 d d 

ox^ ox'- 2 ax™ ox^ 2 ax™ ax* 



H 



-pi 



1 92 



2m dx^ ' 
. d 



(9x* 



d 



m 



d 



dx' ' 2 " 9xJ' 
where the derivatives satisfy the algebra PP 



:i8) 



d d 



dx^ ' dx^ 



0, 



_d_ 

dx^ 



(19) 



Using these relations and taking into account (j2)), the generators (|T8|) are seen to satisfy 
the usual Galilean algebra. 

In the momentum representation, on the other hand, we have 



d 1 . 
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where the derivative satisfies commutation rules similar to (fnij) : 
d d ^ d 

Note that there is a deformation in the representation of to correctly reproduce (j21) and 
It also shows the loss of symmetry between two representations. 
The deformed rotation operator Q now has the form 



J 



ij 



if? 



d 



if? 



d 



The 6'-dependent terms cancel out completely. The same happens for the boost and we get 
d 

Q' = im— -tp*. 

We thus find that all the generators have exactly the same structure as in the commutative 
description.^ The validity of the Galilean (or the Schrodinger) algebra, in this representation 
becomes obvious. It shows the naturalness of the momentum representation — a fact which 
we had argued on more general considerations. 



Inonu— Wigner contraction and second central extension 

It has been known for a long time that the Galilei group in (2 + 1) dimensions admits a 
two-parameter central extension One of these is the mass m which is present in all 
dimensions. The other is somewhat exotic and confined specifically to two space dimensions. 
It corresponds to spin which can be any real number [TSl CHI HZ] • 

Here we show that deformed Galilean generators allow a general type of algebra leading 
to a second central extension that persists in any (and not just two) dimensions. Further- 
more such an algebra is also obtained by means of an Inonu-Wigner contraction of the 
Poincare algebra. 

Let us consider the general form for boosts given in (fTT|) with A2 = and Ai = A: 



= mx' -tf? + XmO'^f?. 
Correspondingly, a generalised version of the rotation operator (jH)) is written as 



J'- 



x^fp 



X-' 



^f? + A {e'^'f? - e^"'f) pT. 

Then the algebra of these operators is given by 

g\gA = {1 - 2\)im^e'\ 

g\ j^^]^ = i (^s'^g'' - s^'^g^^ + im(l - 2A) - O'^p^) , 

+ i (1 - 2A) [e^'^pf? - e^^f?f? - e'^fpf^ + e^^f^f?") . 



ki 



(20) 
(21) 

(22) 
(23) 

(24) 



This is also true for the conformal generators. Even for the Poincare case the same feature persists as 
we have checked by considering the expressions given in . 
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The algebra with the momentum and the Hamiltonian is unchanged. We find that the 
boosts do not commute which yields the second central extension. This is true in any 
dimensions and not just for two where it is usually observed [121 CSl ITBl IT7j. 

It is possible to show that the above generalised algebra is obtained from a group 
contraction of a generalised Poincare algebra recently discussed in ||4j. There the angular 
momentum is defined as 

JP^ = xP^ -rf" + X{e'"'^ -e''''vf)vP, (25) 

which yields jlj 

i {5PPJ'"' - d^pjp" + 5'"'JPP - SP^J^'P^ 

+ i (1 - 2A) {OPP^vT - e^P^vT - e>"'f'pP + e'^'^pP) . (26) 



In performing the group contraction from Poincare to Galileo, observe that for a system of 
particles of mass m and velocity f , the various operators are expected to be of the following 
orders |IH|: T ~ 1, ~ mv, J^' = -Q' ~ 1/v, 9'^ ~ 6^' ~ 0, P° = 7^ ~ m + mv'^ 

(energy ~ mass energy + kinetic/potential energy) and finally the limit f <C 1 has to be 
taken. The space component of ()26p contract to (j24|) . Likewise the other relations ()22|) and 
also follow on taking appropriate limits. 
It is possible to discuss another generalisation of the Galilean algebra such that, for two 
dimensions, the usual algebra (but with noncommuting boosts) is obtained. This happens 
if the boost and angular momentum are taken as ()2()|1 and 0. Then the only modifications 
are in the algebra of boosts (once again given by ((221)) and ()23|) is replaced by 



The other brackets conform to the usual Galilean algebra. Note that the algebra closes 
although it is distinct from the standard Galilean algebra. For two dimensions, however, 
the additional piece vanishes. We get back the usual Galilean algebra but the second central 
extension found in the algebra of boosts persists. 

To conclude, the deformed Schrodinger operators on noncommutative space were ob- 
tained. These operators preserved the standard Schrodinger algebra. For vanishing 6'^\ 
the undeformed operators were reproduced from the deformed ones. The structures of the 
generators in the coordinate and momentum representations were derived. In the latter 
case there was a form invariance; i.e., the generators had the same form as in the usual 
(commutative) description. Hence computations in theories in noncommutative space are 
considerably simplified in the momentum representation. It was possible to discuss a gener- 
alised Galilean algebra that was also obtained from a contraction of a generalised Poincare 
algebra. The commutator of the boosts was nonvanishing leading to a second central ex- 
tension valid in any dimensions. We discussed another type of generalised Galilean algebra 
which, in two dimensions, reduced to the usual form but retained the central extension in 
the commutator of boosts. Thus our deformed generators provided an alternative way of 
understanding the second central extension of the planar Galilei group. 
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